Abstract-We suggest and demonstrate experimentally a method of performing single-shot sub-wavelength resolution Coherent Diffractive Imaging (CDI), i.e. algorithmic object reconstruction from far-field intensity measurements. The method is applicable to objects that are sparse in a known basis. The prior knowledge of the object's sparsity compensates for the loss of high-spatial frequency information associated with freespace propagation, as well as for the loss of phase information (Since only intensity is measured).
I. INTRODUCTION
Coherent Diffractive Imaging (CDI) is an imaging technique where intricate features are algorithmically reconstructed from measurements of the freely-diffracting intensity pattern [1, 2] . In CDI, an object is illuminated by a coherent plane wave (LASER light), and the far-field diffraction intensity is measured. This technique is used, for example, to study the structure of molecules that cannot be crystalized. Currently, CDI does not offer resolution beyond the diffraction limit, that is, half the wavelength of the illuminating light [3] , which has been considered a fundamental limit in microscopy (so-called diffraction limit). There are sub-wavelength imaging methods that do exist, but they do not work in real-time, requiring either scanning or integration over many acquired images.
These include Scanning Near-Field Microscope [4, 5] , scanning a subwavelength "hot spot" [6] [7] [8] , or ensemble-averaging over multiple experiments with florescent particles [9, 10] . Due to theses techniques" scanning or averaging nature, they cannot be used for ultrafast sub-wavelength imaging, where it is important to capture a sequence of images as the process (say, a chemical reaction) evolves with time. On the other hand, CDI, being a "single shot" imaging technique, is suitable for ultra-fast imaging.
Here, we present and demonstrate experimentally a method to enhance CDI resolution beyond the diffraction limit, based on prior knowledge that the object is sparse in a known basis.
II. SUB-WAVELENGTH CDI -PROBLEM FORMULATION
In a typical CDI setting, an object is illuminated by a coherent plane wave (LASER), and the far field diffraction pattern intensity is measured. The measured diffraction intensity, in the paraxial approximation, is proportional to the magnitude of the object"s Fourier transform, after truncation of the high spatial frequencies (Above 1/  where  is the wavelength of the light) [3] . Therefore, mathematically, the sub-wavelength CDI problem translates to the ill-posed problem of recovering a 2D signal from only the magnitude of its truncated Fourier transform. Up to spatial coordinate scaling and normalization, the above relation can be written as:
where I is the measured far-field intensity, F is the 2D Fourier transform operator, L is a low-pass filter with a cutoff frequency of 1/  , and b is the sought 2D object. The operator | |  here stands for element-wise absolute value. Inverting Eq. 1, i.e. finding x from , , I L F is an ill-posed problem, for two reasons: 1. The low pass-filter L diminishes all high-frequency information of b , and 2. There is no phase information due to the absolute-value operator. The problem at hand, therefore, is phase-retrieval of a 2D object, combined with bandwidth-extrapolation.
A. Sparsity prior
In this work, we focus on objects that can be represented compactly in a known basis, i.e. b Ax  where A is a known basis and x is a sparse vector, namely, containing a small number of nonzero elements. In this case, Eq. (1) can be rewritten as (For simplicity, the indices   , j k are dropped from now on):
and the prior knowledge of the sparsity of x adds information helpful for the inversion of Eq. (2). The sparsity prior has been used previously for sub-wavelength imaging [11] , but only when the Fourier phase was also known, yielding a linear problem.
B. Existing phase-retrieval for CDI
CDI usually requires an algorithmic step of phase-retrieval. The problem of phase retrieval, i.e. recovering a signal from the magnitude of its entire Fourier transform, is encountered in applications such as optical imaging and crystallography, and has been studied extensively [12] , [13] . Most common existing methods utilize some kind of prior knowledge about the object (e.g. known support, non-negativity, known real-space magnitude) and iterate between the different constraints. Such techniques have been used in the context of CDI for phase retrieval [2] , but not in the sub-wavelength scale. Here, we focus on phase-retrieval in the sub-wavelength scale.
III. SOLUTION METHOD
An iterative thresholding method is developed in order to solve Eq. (2) while using the sparsity information. The method attempts to find a solution to the following problem: 
The non-negativity constraint on x corresponds to the assumption that the real-space object contains no phase information, which is the case we consider in this work. The thresholding method is described in detail in [14] , and briefly below. First, an initial support of the vector x is approximated from the blurred real-space image. Then, the following two steps are repeated iteratively:
1. Solve the minimization problem: 
This is a non-convex problem, so in practice we use the L-BFGS method [15] to converge locally. 2. Remove the weakest element of x from the support, i.e. set it to zero. This element is constrained to remain zero in the following iterations. Go-to step 1.
The iterations continue as long as the constraint knowledge of the noise level  in the measurements, which can sometimes be approximated from knowledge or calibration measurements in the optical system. Alternatively, one may be able to determine the point at which too many elements were zeroed in x , by analyzing the reconstruction error 
IV. EXPERIMENTAL RESULTS
We demonstrate sparsity based sub-wavelength CDI experimentally, using a coherently illuminated microscope (532nm LASER), imaging arrangements of sub-wavelength holes, 100nm in diameter, in a 100nm thick Chrome layer covering a transparent substrate of fused silica. The imaging setup consists of a water-immersed objective (NA=1) and another lens imaging onto a 1002x1002 pixel CCD camera. The camera can be moved so that either the real-space magnitude of the object is measured, or its Fourier magnitude.
Two different patterns are imaged and recovered experimentally. The first, a star of David, is shown in figure 1 . Figure 1a shows the Scanning-electron-microscope image of the sample. Figure 1b shows the measured real-space image using our microscope, featuring the blur caused by the diffraction limit. The measured Fourier magnitude is shown in figure 1c . The basis for reconstruction is taken as 100nm circles on a grid. The reconstructed image is shown in figure  1d . The circles are recovered with the correct location and amplitude. A second pattern, comprising of a "random" distribution of twelve 100nm circles, is also recovered. Figure 2a shows the measured blurred real-space image, and figure 2b shows the measured truncated Fourier spectrum. Once again, from the Fourier magnitude measurement, using our algorithm, the sparse object is recovered (Figure 2c ). The SEM image of the true object is shown in figure 2d . The reconstruction basis used here is the same as in figure 1 , 100nm circles on a grid. As mentioned in the previous section, the actual number of basis elements (circles in our case) that the object is comprised of may be derived from the reconstruction error. For example, Figure 3 shows the reconstruction error vs. the number of circles participating in the reconstruction of the object from figure 2. As the iterative algorithm removes more and more circles from the support, the reconstruction error naturally increases. However, the exceptionally large jump in the error right after 12 circles, suggests that 11 circles are not enoughi.e. that the smallest number of circles necessary in order to yield a truncated Fourier spectrum that is consistent with the measurements is 12. This corresponds to finding the sparsest solution consistent with the measurements -i.e. a solution to equation 3. For additional investigation of the algorithm, as well as comparisons with other algorithms, the reader is referred to the supplementary information of [14] .
V. CONCLUSION
In this work, we have presented a technique facilitating the reconstruction of sub-wavelength features, along with phase retrieval at the sub-wavelength scale, at an unprecedented resolution for single-shot experiments. That is, we have taken coherent lensless imaging into the sub-wavelength scale, and demonstrated sub-wavelength CDI from intensity measurements only. The method relies on prior knowledge that the sample is sparse in a known basis. Our results indicate that this prior knowledge of sparsity is so powerful that it helps overcome the loss of both phase information (lost because only the intensity is measured) and the highfrequency information (lost due to the diffraction limit).
Our technique is general, and can be extended also to non-optical microscopes, such as atomic force microscope, scanning-tunneling microscope, magnetic microscopes, and other imaging systems.
